Engineering Schrodinger cat states through cavity- assisted interaction of coherent 

optical pulses 
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We propose a scheme to engineer Schrodinger-cat states of propagating optical pulses. Multi- 
dimensional and multi-partite cat states can be generated simply by reflecting coherent optical 
pulses successively from a single-atom cavity. The influences of various sources of noise, including 
the atomic spontaneous emission and the pulse shape distortion, are characterized through detailed 
numerical simulation, which demonstrates practicality of this scheme within the reach of current 
experimental technology. 
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Schrodinger-cat states, as a distinct class of non- 
classical states, have attracted extensive research inter- 
ests recently in the contexts of fundamental test of quan- 
tum mechanics and quantum information theory. For 
bosonic modes, the cat states are typically referred as 
quantum superpositions of coherent states. Such states 
are of critical importance for investigation of the decoher- 
ence process and the quantum-classical boundary jlj , for 
fundamental test of the quantum nonlocality , and for 
implementation of quantum computation and commu- 
nication 0. Significant experimental efforts have been 
made for realization of such cat states in different phys- 
ical systems 0, Q . Till now, such states have been suc- 
cessfully generated for phonon modes of a single trapped 
ion 1] , or for a microwave mode confined inside a super- 
conducting cavity 3 • 

There are also great interests in generating 
Schrodinger-cat states for propagating optical pulses. 
The motivation is at least two-folds: firstly, for appli- 
cations in test of quantum nonlocality or for quantum 
computation and communication, one needs to use cat 
states of propagating optical pulses; Secondly, for prop- 
agating pulses, with assistance of linear optical devices 
(such as a beam splitter), it is possible to generate 
a larger class of cat states targeted to different kinds 
of applications The proposals for generating cat 

states of optical pulses are typically based on either the 
Kerr nonlinearity or postselections from the non-linear 
detectors 0, 0, Although the Kerr nonlinearity in 
principle provides a method for deterministic generation 
of the cat states, it is well known that such nonlinearity 
in typical materials is too small to allow cat state 
generation from weak coherent pulses. 

In this paper, we propose a scheme to engineer 
Schrodinger-cat states for propagating optical pulses 
based on the state-of-the-art of the cavity technology. 
A single atom has been trapped inside a strong-coupling 
cavity with seconds of trapping time 0, nil. With 
such a setup, we propose to generate a large class of 
cat states simply by successively reflecting weak coher- 
ent pulses from a cavity mirror. Together with a few 
beam splitters, we can generate multi-partite and multi- 
dimensional cat states, and preparation of such states is 
a necessary step for several distinct applications, such 
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FIG. 1: (a) Schematic setup for generation of cat states by 
reflecting a coherent optical pulse from a single-atom cavity, 
(b) The relevant level structure of the atom trapped in the 
cavity. 



as for loop-hole-free detection of Bell inequalities with 
homodyne detections T^], or for quantum coding and 
computation [T^ . This scheme also extends an earlier 
photonic quantum computation proposal by Duan and 
Kimble |l4j to the continuous variable regime, eliminat- 
ing the requirement of single-photon pulses as the cavity 
inputs. To characterize the influences of various sources 
of experimental noise on this scheme, we develop a nu- 
merical simulation method which can be used to calculate 
how large cat states one can produce, the effects of the 
atomic spontaneous emission and the pulse shape dis- 
tortion, etc. The calculation shows that substantial cat 
states can be generated within the reach of the current 
technology. 

First, let us briefly introduce the basic idea of this 
scheme. We consider an atom of three relevant levels 
trapped inside an optical cavity. The level configura- 
tion is shown in Fig.l, where |0) and |1) are levels in 
the ground-state manifold with different hyperfine spins. 
The transition from the level |1) to |e) is resonantly cou- 
pled to a cavity mode Oc, which is resonantly driven by 
an input optical pulse prepared in a weak coherent state 
\a). The level |0) is de-coupled from the cavity mode due 
to the large detuning from the hyperfine frequency. If the 
atom is prepared in the level |0), the input pulse is res- 
onant with the bare cavity mode a^, and after resonant 
reflection it will acquire a phase of e"^ from standard 
quantum optics calculation 15]. The effective state of 
the pulse is then given by |— a). However, if the atom is 
prepared in the level |1), due to the strong atom-cavity 
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coupling, the frequency of the dressed cavity mode is sig- 
nificantly detuned from that of the input pulse. In this 
case, one would expect intuitively that the cavity mode 
structure does not play an important role here, and the 
reflection is then similar to the reflection from a mirror, 
which keeps the pulse shape and phase unchanged. The 
effective pulse state remains to be \a). Our later calcula- 
tion will confirm this expectation if the input amplitude 
a is within a reasonable range. 

In order to generate a Schrodinger-cat state, we sim- 
ply prepare the trapped atom in a superposition state 
(|0) -I- |1)) /v^. Then, if we reflect a coherent pulse |a), 
following the above analysis, the flnal atom-photon state 
becomes an entangled cat state 



(1) 



|*,) = (|0)ha) + |l)|a))/V2. 



This entangled cat state can be experimentally verifled 
though a homodyne detection of the state of the reflected 
photon pulse [l6j , correlated with a measurement of the 
atomic state in the basis {|±) = (|0) ± |1)) /%/2}. With 
homodyne detections, one can also measure the Wigner 
function of the optical fleld though quantum state tomog- 
raphy [l7j . which fully characterizes the non-classicality 
of the cat state. 

With some extensions to the above method, we 
can generate more complicate types of cat states. 
Firstly, by bouncing a series of coherent pulses (say, 
n pulses), each initially in the state successively 
from the same single- atom cavity, one will get the 

state (|0) \-af + |1) |a)^") /\/2, which yields entan- 
gled multi-partite cat states ^|— a)**" ± \a)^^^ (unnor- 

malized) for the pulses after a measurement of the atomic 
state in the basis {|±)}. Secondly, after generation of the 
state (|— a) -I- \a)) for the pulse, one can transfer it to the 
state (I a) -I- \3a)) through a simple lineal optical manip- 
ulation (for instance, by interfering this pulse with an- 
other phase-locked stronger laser pulse at an unbalanced 
beam splitter, one can shift up each coherent component 
of the cat state by an amplitude of 2a). Then, if we re- 
flect this pulse again from the same cavity, we will get 
a state (|— 3a) + |— a) + la) + |3a)) for the pulse condi- 
tioned on that a measurement of the atom gives the |-t-) 
state. It is straightforward to extend this idea to gener- 
ate the multi-dimensional cat states J27=-n K^* ~ 1) Q^): 
and such kind of states have important applications for 
continuous-variable quantum coding and loop-hole- 
free detection of the Bell inequalities with efficient homo- 
dyne measurements [T^ . 

In the above, we have given the basic idea for prepara- 
tion of the cat state (1) and described its various exten- 
sions. To have real understanding and characterization 
of this process, however, we need more detailed theoreti- 
cal modeling of the interaction between the cavity atom 
and the light pulse. First, we want to know how large a 
cat state one can prepare. If the amplitude |a| is large, 
one would expect that a single atom can not significantly 



change the property of a strong pulse, therefore the out- 
put state would be different from the state described by 
Eq.(l). Second, in reality there are always experimental 
noises, such as the photon loss due to the atomic spon- 
taneous emission and the mirror scattering, the inherent 
pulse shape distortion after reflection from the cavity, 
and the random variation of the atom-photon coupling 
rate caused by the thermal atomic motion. One needs to 
characterize the influence of these sources of noise on the 
generation of the cat state. 

The input to the cavity is a coherent optical 
pulse, whose state |a)i„ can be described by \a)i„ = 



exp 



a/n fin{t)al„{t)dt 



c), where ai„(i) is a one- 
dimensional quantum fleld operator with the standard 
commutation relation [ai„(t), ai„(t')] = 5{t — t'), /m(t) 
describes the input pulse shape with the normalization 
\fin{t)^ dt = 1 (r is the pulse duration), and |vac) 
represents the vacuum state for all the optical modes. 
The average photon number of the pulse is given by |a|^. 
The input pulse drives the cavity mode Oc through the 
Langevin equation 



-i[ac, H] - -flc - ^/Ka^„(^), 



(2) 



where k, is the cavity decay rate, and the Hamiltonian H 
describes the atom-cavity interaction with the form 



H = hg{\e){\W+\l){e\al) 



(3) 



Here, g is the atom-cavity coupling rate. The cavity out- 
put fleld ttout is connected to the input through the input- 
output relation 



aoiit{t) = ain{t) + y/Kac(t). 



(4) 



We need to find out the quantum state of the cavity 
output field aout through the series of equations (2)- (4). 
As they are nonlinear operator equations with infinite 
modes, it is hard to solve them even numerically. For the 
case of a single-photon pulse input, a numerical method 
has been developed in Refs. [14,18] based on the mode 
discretization and expansion. But that method does not 
work if the photon number of the input could be larger 
than 1, as it is the case for the present work. To at- 
tack this latter problem, we propose a variational method 
based on the following observation: if the atom is in the 
state |0), the Hamiltonian (3) does not play a role, and 
Eqs. (2) and (4) become linear, from which we observe 
that the state \(j)o)out of the output field can be exactly 

written as |(/>o)out = exp a J^^^ f^°Jt{t)al^t{t)dt |vac). 

The normalized shape function can be expressed as 



= -I 



exp [zcji] /j„(a;)(iw, where /™(a;) is 
The output optical fleld 



the Fourier transform of jin(t\ 
is still in an effective single-mode coherent state, but 
with the mode shape function fo^t{t) generally different 
from the input shape fin{t)- If the atom is in the state 
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FIG. 2: Pulse shape functions for the input and output pulses. 
The solid curve shows the shape of input pulse. The dash- 
dotted, dashed, and dotted curves correspond to the output 
pulses with g = O(for the atom in the level |0)), g/n — 3, and 
g/n — 6, respectively. In the calculation, we assumed 7 = 



FIG. 3; The cat state Fidelity shown as a function of the aver- 
age input photon number \a\^ when the spontaneous emission 
rate is set to zero (7^ = 0). Other parameters: g/n = 3 and 
kT — 210 for the solid curve; g/n = 6 and kT — 210 for 
the dotted curve; g/n — 6 and kT — 100 for the dash-dotted 
curve; g/n = 6 and nT = 400 for the dashed curve. 



|1), it is reasonable to make the ansatz that the out- 
put optical field is also in an effective single-mode coher- 
ent state 



H/out 



exp 



I vac), but 



^1 lo foutitWoutm 

with probably a different normalized mode shape func- 
tion fol]t{t). In general, the amplitude ai can be differ- 
ent from a (actually \ai\ < \a\ ) because of the atomic 
spontaneous emission loss. Due to that loss, some of the 
photons are scattered to other directions, so we have a 
weaker output field. To find out the functional form of 
fouti^)^ note that under the above ansatz, the expec- 
tation value of the input-output equation (4) leads to 



(5) 



The expectation value of the cavity mode operator adt) 
can be found by solving the corresponding master equa- 
tion for the atom-cavity-mode density operator p 



+ y (2ct-P(t+ -cr+o--p-pcr+cr-). 



(6) 



where ct_ — |l)(e| and cr+ — |e)(l| are the atomic lower- 
ing and raising operators, and the effective Hamiltonian 
Heff = h{ga+a + iy^{ain)a) + H.c. Comparing with the 
Hamiltonian (3), we add the term ihy^{ain)a + H.c. to 
account for the driving from the input pulse. After that 
correction, the cavity decay and the atomic spontaneous 
emission loss can then be described by the last two terms 
of the master equation (6) , where 7^ denotes the sponta- 
neous emission rate. The density operator p can be solved 
from the master equation (6) with the standard numer- 
ical method, from which we get the expectation value 
{ac{t)) = tr{pac{t)). Then, following Eq. (5), we can 
determine the output amplitude ai and its pulse shape 

With the above method, we calculate the pulse shapes 
/o«t(0 ^-iid fouti't) of output optical field with the 



atom in the state |0) and respectively. For this calcu- 
lation, we take a Gaussian shape for the input pulse with 
fin{t) oc exp [-(t-r/2)V(r/5)2] , where T character- 
izes the pulse duration. The results are shown in Fig. 2, 
which demonstrates that the shape functions fj^^l (t) and 

font (0 of the output pulses overlap very well with fin (t) 
of the input pulse if the pulse duration T :$> 1/k. Fur- 
thermore, the global phase factors of /o°t(i) and fout{t) 
are given by —1 and 1, respectively, which confirms our 
previous expectation: if the atom is initially prepared 
in a superposition state (|0) -I- |1)) /a/2, the final atom- 
photon state will be the desired entangled cat state |5'c) 
as shown in Eq. (1), where \—a) and |a) are coherent 
states of the output mode with the mode shape func- 
tion -fi^tit) ~ fiutit) ~ finit). In the same figure, 
we have also shown the output shape f^^t{t) for differ- 
ent atom-photon coupling rates g. Both the phase and 
the amplitude of foutW very insensitive to random 
variation of g within a certain range. For instance, even 
if g varies by a factor of 2 from 6k to 3k (which is the 
typical variation range of g caused by the atomic thermal 
motion), the change in /^^((i) is neghgible (< 10~^). 

To quantify the limit of the cat states that one can 
prepare and the influence of some practical noise, we 
introduce several quantities to measure the quality of 
the cat state preparation. First, the distortion between 
the output and the input pulses can be measured by 
their mismatching ^1 = 1 - / /*„/iit(t)fit and ^0 = 
1-/ fLfout(.t)dt (as /i°^t(<) has an opposite phase). With 
typical experimental parameters, ^0 3> ^1, so ^0 has the 
dominant contribution to the imperfection of our scheme. 
Second, the effect of the spontaneous emission loss can be 
quantified by the photon loss parameter 77 = 1 — [aiT / 
|a|^, which represents the fraction of the photons scat- 
tered to other directions instead of to the cavity output 
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FIG. 4: (a) The cat state fidelity shown as a function of the 
average photon number o? of the input pulse. The dash- 
dotted, dashed and solid curves correspond to gjK — 3, gj k — 
6, and gjK — 10, respectively, (b) The fidelity shown as a 
function of the coupling rate g. The solid and dashed curves 
correspond to the average input photon number \aif = 1 and 
\aif = 3, respectively. In both calculations for Figs. 4a and 
4b, we have taken 'y — n and kT = 210. 

p^. Both the pulse shape distortion and the photon loss 
have contributions to the imperfection of the final cat 
state, which can be characterized by the state fidelity. 
The ideal cat state is given by \'^c) in Eq- (1), while with 
noise, the real state obtained is denoted by a density ma- 
trix prcai- The fidelity, defined as F = (^E'd Prcail^'c), can 
be expressed by and r/ as 



where we neglect the contribution of as ^ ^o- First, 
let us examine the intrinsic limit to the amplitude of the 
cat state that one can prepare even if we neglect the influ- 
ence of practical photon loss. This intrinsic limit comes 
from the fact that a single cavity atom can not change 
much the property of a strong optical field (i.e., with a 



large a). For that purpose, we simply set the sponta- 
neous emission rate 7s = 0, and look at the state fidelity 
as a function of the cat amplitude a. The result is shown 
in Fig. 3, with the maximum achievable cat amplitude 
a depending on the atom-cavity coupling rate g and the 
pulse duration T. In general, a larger g and a longer T 
help for generation of a large cat state. In particular, 
the fidelity increases dramatically when we increase the 
pulse duration T as the shape distortion parameter 
significantly reduces for a narrower bandwidth pulse. 

We then take the influence of practical noise into ac- 
count, and investigate under typical experimental con- 
figurations, how large a cat state one can prepare. With 
the spontaneous emission rate 7s = k, the state fidelity 
F is shown as a function of the cat amplitude in Fig. 
4a, and as a function of the coupling rate in Fig. 4b. 
The fidelity increases with the coupling rate g and de- 
creases with the cat amplitude a, as one would expect. 
Under a reasonable atom-cavity coupling rate g « 10k 
comparable with the current technology, a cat state with 
a remarkable amplitude a ~ 3.4 (corresponding to an 
entangled state of about 10 photons) could be generated 
with a 90% fidelity. 

In summary, we have proposed a scheme to gen- 
erate and control multi-partite and high-dimensional 
Schrodinger-cat states for propagating optical pulses. 
The scheme is based on the state-of-the-art of the cavity 
technology. We have developed a variational calculation 
method which can be used to solve efficiently the interac- 
tion between the input-output quantum field and the cav- 
ity atom. This calculation technique enables us to quan- 
titatively characterize the influence of various sources of 
practical noise on the performance of this scheme. 

We thank Jeff Kimble for helpful discussions. This 
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the FOCUS seed funding, and the A. P. Sloan Fellowship. 
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